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A Comparison of TDMA, Dirty Paper Coding, and
Beamforming for Multiuser MIMO Relay Networks

Jianing Li, Jianhua Zhang, Yu Zhang, and Ping Zhang

Abstract: A two-hop multiple-input multiple-output (MIMO) relay
network which comprises a multiple antenna source, an amplify-
and-forward MIMO relay and many potential users are studied in
this paper. Consider the achievable sum rate as the performance
metric, a joint design method for the processing units of the BS
and relay node is proposed. The optimal structures are given, which
decompose the multiuser MIMO relay channel into several paral-
lel single-input single-output relay channels. With these structures,
the signal-to-noise ratio at the destination users is derived; and the
power allocation is proved to be a convex problem. We also show
that high sum rate can be achieved by pairing each link according
to its magnitude. The sum rate of three broadcast strategies, time
division multiple access (TDMA) to the strongest user, dirty paper
coding (DPC), and beamforming (BF) are investigated. The sum
rate bounds of these strategies and the sum capacity (achieved by
DPC) gain over TDMA and BF are given. With these results, it
can be easily obtained that how far away TDMA and BF are from
being optimal in terms of the achievable sum rate.

Index Terms: Broadcast strategy, multiuser relay networks, sum
rate.

I. INTRODUCTION

The future generation wireless systems are envisaged to of-
fer ubiquitous high data rate coverage in large areas. Coopera-
tive transmission [1], [2] has recently gained a lot of interest to
achieve this goal. The core idea is to introduce relay nodes [3]
to assist data packets transmission between the source and the
destination.

Prior works [2], [4] mainly focus on cooperative transmission
in the non-centralized network, where the role of the source,
destination, and relay are all performed by mobile terminals,
i.e., “user cooperative.” However, in cellular systems, it is likely
only a few infrastructure relays will be available, e.g., use pre-
located relay station to boost coverage and link capacity in re-
gions with significant shadowing [1]. Consequently, each relay
node will need to support multiple users. This is the motivation
to study the point-to-multipoint relay channels, where the fixed
relay stations have some signal processing abilities to benefit the
transmission in terms of high data rate and wide coverage. A
natural solution is to exploit the multiple-input multiple-output
(MIMO) technology [5].
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The spatial multiplexing in the MIMO relay channel has
been studied in [6]–[8] by considering a single source destina-
tion pair. In this paper, we focus on the sum rate [9] issue in
MIMO relay broadcast channel with time division multiple ac-
cess (TDMA) to the strongest user, dirty paper coding (DPC),
and beamforming (BF) strategies, which define the sum of the
coding rates intended to the downlink users with vanishing de-
coding error probability as the coding block length grow. In the
conventional MIMO broadcast channel (BC), the TDMA sum
rate is known to be the largest channel norm user capacity. The
sum rate capacity can be achieved by using DPC [10] and media
access control-BC (MAC-BC) duality [11], [12] in the multi-
user MIMO BC. Assigning different beamforming directions for
users and treating multiuser interference as noise, BF is a sub-
optimal technique for supporting multiuser transmission, which
has reduced complexity relative to DPC. Although the sum rate
of these broadcast strategies is well known for the MIMO broad-
cast channel [13], it is not cleared for the multiuser MIMO relay
channel. To solve this problem, a joint design method is pro-
posed, which expresses the sum rate of MIMO relay channel as
the function of the processing matrices at the base station (BS)
and relay. We derive the received signal-to-noise ratio (SNR) of
the cooperative MIMO relay channel, and prove that the opti-
mal power allocation of the BS and relay is a standard convex
optimization problem [14]. Denoting the sum rate achieved by
DPC as the sum capacity of the MIMO relay BC channel, the
gain over TDMA and BF are given. The motivation is to obtain
that how much of a performance boost DPC provides over the
other two strategies in the multiuser MIMO relay channel. The
multiuser MIMO relay channel is first introduced in [15], where
the zero-forcing DPC (ZF-DPC) is used to derive the sum rate.
In this paper, we extend this model to a common scenario with
considering the direct link between the source and the destina-
tion users.

The paper is organized as the following. In Section II, we
present the system model and main assumptions. A brief review
of MIMO BC strategies is also given. The joint design method
and the optimal processing structures for the single user MIMO
relay channel are proposed in Section III, these results are ex-
tent to the multiuser case in Section IV by applying different BC
strategies, and the sum rate comparisons are also given, both in
the fixed gain and Rayleigh fading channel. Finally, the numer-
ical results are presented to demonstrate the analysis.

Notation: Throughout this paper, bold upper letter is used to
denote matrices and bold lower letter to denote vectors. For a
matrix X , the superscripts (·)T and (·)H , stand for transposition
and conjugate transposition, the subscripts i, j stand for the ith
row the jth column entry. Tr denotes the trace. E denotes the
expectation operator.
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II. SYSTEM MODEL AND BC STRATEGY

A. System Model and Main Assumptions

The infrastructure MIMO relay station which supports multi-
user transmission in a downlink cellular system is shown in
Fig. 1. Assuming multiple relays transmit on the orthogonal
channels, i.e., frequency division multiple access, the focus can
be shifted on a single relay station mode.

Data packets are broadcasted from the BS with nt antennas
to K potential users each with m receive antennas, by the assis-
tance of a fixed relay station with nr antennas. We assume that
nt ≥ nr ≥ m which the typical values of the cellular system
are.

Although the full duplex relay [6] can achieve better capacity,
it is difficult to have the nodes transmit and receive simultane-
ously in the same frequency. Thus, the investigation is restricted
to the orthogonal relay transmission, i.e., TDM relaying. The
data packets transmission occupies two equal length time slots.
In the first time slot, the BS broadcasts the signal to the de-
sired users and relay. In the second time slot, relay re-transmits
the signal to users after proper processing and the source keeps
silent. The destination maximal ratio combining (MRC) com-
bines the delayed buffered signal received in the first time slot
with the new version from the relay in the second time slot. Our
discussion is based on the analog non-regenerative (amplify-
and-forward) relaying mode, where the information data are not
regenerated at the relay except that the baseband symbols are
reproduced. Additional, all the terminals in the network are as-
sumed to be perfectly synchronized.

The nr × nt MIMO channel H1 is created for the BS-
relay link, H0 = [HT

0,1, H
T
0,2, · · ·, HT

0,K ]T is the multiuser
broadcast channel for the BS-users’ link, where H0,k is the
m × nt channel matrix from the BS to the kth user. H2 =
[HT

2,1, H
T
2,2, · · ·, HT

2,K ]T is the multiuser relay channel be-
tween the relay and users, where H2,k is the m × nr chan-
nel matrix between the relay and the kth user. During the two
time slots transmission, H0, H1, and H2 are assumed to re-
main constant. The channel state information (CSI) is known
perfectly at the two terminals of each link, it means that the BS
has the CSI of H0 and H1, the relay knows H1 and H2, the
user knows H1,k and H2,k.

B. Signal Model and Problem Formulation

An nt × nt linear processing matrix F is used to process
the transmitted signal s as xS = Fs, and an nr × nr matrix
W is used to process the re-transmitted signal yR at the relay.
The received signal in the first time slot at the relay and the kth
destination user can be written as

yR = H1Fs + n

yTS1
k = H0,kFsk +

K∑

j=1,j �=k

H0,kFsj + n. (1)

The relay station normalizes, processes and re-transmits the
signal by processing matrix W . Without loss of any generality,
let

W = W̃Ξ−1/2 (2)

Fig. 1. System model of multiuser MIMO relay channel.

where Ξ satisfied Tr{Ξ} = Tr{H1FF HHH
1 + I} is used

to normalize the received signal from the source. Then, the re-
ceived signal in the second time slot at the destination user is

yTS2
k = H2,kW

⎛

⎝H1Fsk +
K∑

j=1,j �=k

H1Fsj + n

⎞

⎠+ n

(3)
where s = [s1, · · ·, sK ]T is the zero mean circularly symmetric
complex Gaussian vector with E{ssH} = 1, and sk is the m×1
desired signal for the kth user. n is the additive white Gaussian
noise (AWGN) noise.

Thus, the received SNR at the kth user is a function of F and
W as γk(F , W ), and the achievable sum rate problem can be
formulated as

R= max
{F ,W }

K∑

k=1

1
2
C(γk(F , W ))

subject to

⎧
⎨

⎩
Tr
{
FF H

}
≤ PS

Tr
{
W
(
H1FF HHH

1 + I
)

W H
}
≤ PR

(4)

where C(γ) denotes the Shannon capacity as C(γ) = log(1 +
γ), and 1/2 accounts for the capacity loss due to two time slots
transmission. We omit this prefix for the simplicity reason in the
remaining part and focus on C(γk(F , W ), PS and PR are the
power constraints at the BS and relay, respectively.

C. Review of MIMO Strategy

In TDMA scheme, the BS transmits to only a single user at a
time. The maximum sum rate, achieved by sending to the user
with the largest channel norm is

R = max
k∈K

log det
(
1 + PS ‖Hk‖2

)
. (5)

The DPC has been known as the capacity-achieving strategy
for a Gaussian MIMO BC. However, it may not be directly
implemented due to its excessively high complexity. ZF-DPC
based on Tomlison-Harashima (TH) precoding and QR decom-
position, has been proposed as a low complexity sub-optimal
transmission methods. Let S be the receiver subset and H(S)
is the coresonding channel matrix. Taking QR decomposition as
H(S) = RQ, where Q is a unitary matrix and R is a lower
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triangular matrix. Choosing QH as the precoding at the trans-
mitter, the effective channel R can be diagonalized by using TH
precoding. Denoting the diagonal elements of R be ri,i, and
using waterfilling algorithm on ri,i, the sum rate with ZF-DPC
is

R = max
∑

i∈S
log
(
1 + pi|rii|2

)
. (6)

The block-diagonal (BD) beamforming is a linear method
for the multi-antenna receivers. The respective data stream of
each user can be decoupled and send without interfering with
other users. Let H̃j = [HT

1 , · · ·, HT
j−1, H

T
j+1, · · ·, HT

K ]T .
In order to satisfy the zero interference constraint, the beam-
forming matrix of the jth user shall be in the null space of
H̃j . Let the singular value decomposition (SVD) of H̃j be

H̃j = Ũ jΛ̃j [Ṽ
1

j Ṽ
0

j ]
H , Ṽ

0

j contains the last (nt − m) right

singular vectors of H̃j which form a basis set in the null space
of H̃j . Same with ZF-DPC, let S be a user subset, the sum rate
with BD is

R = max
∑

j∈S
log det

∣∣∣I + (HjṼ
0

j)(HjṼ
0

j)
H
∣∣∣. (7)

III. OPTIMAL RELAY STRUCTURE AND
ACHIEVABLE SUM RATE

In this section, we derive the optimal structures for the single
user MIMO relay channel; and extend the result to the multiuser
case with different broadcasting strategies in the next section.
According to the signal model given in (1) and (3), the input-
output relationship of the single user MIMO relay channel can
be written as

y = Hx + N

=
(

H0

H2WH1

)
xS +

(
I 0 0
0 H2W I

)⎛

⎝
n
n
n

⎞

⎠ . (8)

The noise covariance is

RN =
(

I 0
0 I + (H2W )(H2W )H

)
. (9)

Using the block matrix inverse lemma and the determinant of
block matrix lemma, the mutual information can be written as

I = log det
(
HHR−1

N H
)

= log det
(
I + H̃0H̃

H

0

)

+ log det

(
I + H̃1(I + H̃0H̃

H

0 )−1H̃
H

1 − H̃1

× (I + H̃0H̃
H

0 )−1(I + H̃2H̃
H

2 )−1H̃
H

1

)

(10)

where H̃0 = H0F , H̃1 = H1F , H̃2 = H2W . The mu-
tual information in (10) is constituted by two parts, the first is
the mutual information of the direct link; the second is the mu-
tual information of the relay link, which trades the signal of the
direct link as noise and minus the loss of the second hop.

According to (1) and (3), the optimal processing structure at
the BS and relay under the ZF constraint is to diminish the multi-
user interference and maximize the mutual information. Since
we assume no CSI of the direct link is available at the relay,
there is no W can diagonal the second term of the RHS in (10),
i.e., the optimal relay structure only exists when the processing
matrix F projects the relay link onto the orthogonal space of the
direct link. To accomplish this, define the SVD of H1 and H0

as
H1 = U1Σ

1/2
1 [V 1 V

(0)
1 ]H

H0 = U0Σ
1/2
0 [V 0 V

(0)
0 ]H

where V
(0)
1 and V

(0)
0,k are the nt ×m and nt ×nr matrices hold

(nt − m) and (nt − nr) right singular vectors, which form the
orthogonal basis for the null space of H0 and H1. Thus, its
columns can be the candidate for the processing matrix of the
BS. Then, F can be written as

F = F 1F̃ (11)

where F 1 =
[
V

(0)
0 V

(0)
1

]
. Since F 1 is a unitary matrix, the

power constraint does not violate. Note this method is also em-
ployed in [16] for the MIMO downlink transmission to obtain
the beamforming matrix for the multi-antenna receivers. Then,
the downlink channel can be converted to two parallel MIMO
channels as H̄1 = H1V

(0)
1 and H̄0 = H0V

(0)
1 . The sufficient

condition here for the existence of F 1 is nt ≥ (nr + m). Then,
the mutual information given in (10) can be written as

I = log det
(
I + H̄0F̃ F̃

H
H̄

H
0

)

+ log det
(
I + H̄1F̃ F̃

H
H̄

H
1

)

+ log det

(
I +

H2W̃W̃
H

HH
2

I + H̄1F̃ F̃
H

H̄
H
1 + H2W̃W̃

H
HH

2

)
.

(12)

Since the BS has no CSI of H2, the optimal processing ma-
trix at the BS from the mutual information point-of-view is to
maximize the first two terms in (12). Defining the SVD of H̄1

and H̄0 as H̄1 = Ū1Σ̄
1/2
1 V̄

H
1 , H̄0 = Ū0Σ̄

1/2
0 V̄

H
0 , where

Σ̄1 = diag{ᾱ1, · · ·, ᾱnr} and Σ̄01/2 = diag{ξ̄1, · · ·, ξ̄m} con-
tain the eigenvalues of H̄1 and H̄0. Let

F =F 1F 2P
1/2

=
[
V

(0)
0 V

(0)
0

] [
V̄ 1 0
0 V̄ 0

][
P

1/2
1 0
0 P

1/2
0

]
(13)

where P is the power allocation matrix to satisfy the power con-
straint. Then, the downlink channel of the BS can be converted
into several single-input single output (SISO) channels, and the
optimal P = diag{P 1, P 2} is weighted by waterfilling on the
eigenvalues of H̄0 and H̄1 as

p1,i =
(

μ − 1
ᾱi

)+

p1,i =
(

μ − 1
ξ̄i

)+

(14)

where ᾱi and ξ̄i are the ith eigenvalue of H0 and H1, μ is a
constant scale to satisfy the power constraint of the BS, (x)+ =
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Fig. 2. Equivalent SISO relay channel.

max(x, 0). Thus, the mutual information given in (12) can be
written as

I = log det
(
I + P 0Σ̄0

)
+ log det

(
I + P 1Σ̄1

)

+ log det

(
I +

H2W̃W̄
H

HH
2

I + P 1Σ̄1 + H2W̃W̃
H

HH
2

)
. (15)

Let the SVD of H2 as H2 = U2Σ
1/2
2 V H

2 where Σ2 =
diag{β1, · · ·, βnr} contain the eigenvalues of H2. According
to [7], the optimal structure of W̃ is to diagonalize H2 as

W̃ = V 2G
1/2Ū

H
1 (16)

where G = diag{g1, · · ·, gnr} is the transmit power of the re-
lay. W̃ can be viewed as a spatial filter which decomposes the
MIMO relay channel into several SISO links, rotates and adjusts
the eigenvalues of two hop channel. Then, the optimal process-
ing unit at the relay node can be written as

W = V 2G
1/2Ū

H
1 (I + P 1Σ̄1)−1/2. (17)

According to the processing units given in (13) and (16), the
MIMO relay channel is converted into several parallel SISO
relay channels, and the equivalent sub-channel gain are

√
ξ̄i,√

ᾱi and
√

βi, respectively. Assuming the antenna configura-
tion of the BS, relay and user are {nt, nr, m}, the number
of the data stream can be supported simultaneously is n =
min{(nt −nr), (nt −m), m}. We use the format n×{ξ̄, ᾱ, β}
to illustrate this equivalent relay channel model, which is shown
in Fig. 2.

Using the processing matrices given in (13) and (17), the post-
processing SNR of the ith sub-channel, after MRC combining at
the destination in the second time slot can be written as

γi = ξ̄ip0,i +
p1,iᾱip2,iβi

1 + p1,iᾱi + p2,iβi
(18)

where p0,i and p1,i is given in (14). Thus, to achieve the maxi-
mal mutual information can be formulated as the following op-
timization problem

max
G

∑n
i=1 C

(
ξ̄ip0,i + p1,iᾱip2,iβi

1+p1,iᾱi+p2,iβi

)

such that
∑n

i=1 gi ≤ PR, gi ≥ 0.
(19)

Since p0,i and p1,i is pre-determined, we have the Lagrangian
L(gi, ω) as

L(gi, ω) =
n∑

i=1

C

(
pi,0ᾱipi,2βi

1 + p1,iᾱi + p2,iβi

)
−

n∑

i=1

ωgi. (20)

Simply using the Karush-Kuhn-Tucker (KKT) conditions, the
unified optimal relay power allocation is

gi =

⎛

⎝
√(

p1,iᾱi

2βi

)2

+ ω
p1,iᾱi

βi
− p1,iᾱi

2βi
− 1

βi

⎞

⎠
+

(21)

where ω is a constant scale to satisfy the power constraint PR.
Up to now, we have assumed that the signal is transmitted

over the ordered sub-channel, i.e., the source transmits the sig-
nal on the ith ordered eigenvalue of H̄0 and H̄1, the relay re-
transmits the signal on the ith ordered eivenvalue of H2. In the
following, we will prove this paired structure can achieve high
performance in terms of mutual information.

Proposition 1: High mutual information can be achieved if
the sub-channels are ordered paired according to its magnitude.

Proof: According to (10), the mutual information of the
relay link and the broadcast part of the BS can be written as

IR =
n∑

i=1

log
(

(1 + γ1,iᾱi)
(

1 + γiβi

1 + γ1,iᾱi + γiβi

))

IBC =
n∑

i=1

log
(
(1 + γ1,iᾱi)

(
1 + γ0,iξ̄i

))
. (22)

�

According to [17], given two N ×N positive semi-definite Her-
mitian matrices A and B with eigenvalues λk(A) and λk(B)
arranged in the descending order, respectively, we have the fol-
lowing matrix inequalities

N∑

k=1

λk(A)λN+1−k(B) ≤ Tr(AB) ≤
N∑

k=1

λk(A)λk(B).

(23)
Denoting (1+p1,iᾱi), (1+p0,iξ̄i), and (1+piβi)/(1+p1,iᾱi +
piβi) as the elements of diagonal matrices A, B, and C, we
have

IR = log (Tr (AC)) ≤ log

(
n∑

k=1

λk(A)λk(C)

)

IBC = log (Tr (AB)) ≤ log

(
n∑

k=1

λk(A)λk(B)

)
. (24)

It shows in (24) that the mutual information has the upper bound
when the sub-channels are coupled according to ordered magni-
tude.

IV. ACHIEVABLE SUM RATE OF BC STRATEGIES

In this section, the results derived from the single user MIMO
relay channel are extended to the multiuser case. The achievable
sum rates are investigated by using time sharing (TDMA), DPC,
and BF strategies.
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A. TDMA

In TDMA strategy, the maximum sum rate is achieved by
sending to the user with the largest channel norm, and the
number of data stream can be supported simultaneously is
nTDMA = min {nt, nr, m} = m. Use the orthogonal space
project method given in Section III, the MIMO relay channel
can be converted into two parallel MIMO links, i.e., the direct
link H̄0,k = H0,kV 0

1 and the relay link H̄1 = H1V
(0)
0,k. Ac-

cording the processing structures given in (13) and (16), these
two links can be paired as parallel SISO relay channels as
m × {ξ̄k, ᾱk, βk}. Thus, the sum rate of the TDMA strategy
in a multiuser MIMO relay channel is the maximal signal user
capacity as

Rtdma = max
k∈K

m∑

i=1

C

(
ξ̄ip0,i +

ᾱiβk,ip1,ip2,i

1 + ᾱip1,i + βi + p2,i

)
(25)

where ξ̄k,i, ᾱ1,i, and βk,i are the ith eigenvalues of H̄0,k, H̄1,k,
and H2,k.

The sum rate of TDMA strategy low bounds by pouring equal
transmit power on the unordered eigenvalues of the direct link
and relay link as

RLB
tdma = mC

(
ξ̄k,1PS

2m
+

ᾱ1βk,1PSPR

2m + mᾱ1PS + 2mβk,1PR

)

(26)
where ξ̄k,1, ᾱ1, and βk,1 are the 1st unordered eigenvalues of
m×(nt−nr), nr×(nt−m), and m×nr matries with CN(0, 1)
elements.

B. Dirty Paper Coding

The zero-forcing dirty paper coding is used as the transceiver
solution for the multiuser MIMO relay channel. Since the ZF-
DPC treats multi-antenna receivers as multiple single antenna
receivers, the number of data streams can be supported simul-
taneously is ndpc = min{(nt − nr), nr}. Let S denotes the
all possible receive antenna sets; a user subset A is selected
to be served together, where |A| ≤ ndpc. The correspond-
ing channel matrices are H0(A), H1, and H2(A), respec-
tively. Using the orthogonal projecting method, the MIMO relay
channel can be converted into two parallel MIMO channels as
H̄0(A) = H0(A)V (0)

1 and H̄1 = H1V
(0)
0,A. Applying QR

decomposition as H̄0(A) = R̄0,AQ̄0,A and SVD of H̄1, the
processing matrix of the BS can be written as

F dpc = [ V
(0)
0,A V

(0)
1 ]diag{V̄ 1, Q

H
0,A}diag{P 1/2

1 , P
1/2
0,A}
(27)

where P 1 and P 0,A are are weighted by waterfilling on
the eigenvalues {ᾱ1, · · ·, ᾱndpc

} and the diagonal elements
|(R̄0,A)i,i|2. The corresponding relay processing matrix is

W dpc = QH
2,AG1/2Ū

H
1 (I + P

1/2
1 (R̄0,A)i,i)−1/2 (28)

where Q2,A is obtained by QR decomposition of H2(A).
Use these two processing matrices, and the ZF-DPC scheme,

the multiuser MIMO relay channel can be converted into parallel

SISO relay channels with the format as ndpc×{(τ̄ , ϕ), ᾱ, (ρ, δ)}
where

τ̄i =
∣∣(R̄0,A)i,i

∣∣2 , ϕi =
i∑

j=1

∣∣(R̄0,A)i,j

∣∣2

ρi = |(R2,A)i,i|2 , δi =
i∑

j=1

|(R2,A)i,j |2.
(29)

With the power allocation scheme given in (14) and (21), we
have the optimal power allocation as

p1,i =
(

μ − 1
ᾱi

)+

, p0,i =
(

μ − ϕi

τ̄i

)+

, (30)

and

gi =

⎛

⎝
√(

p1,iᾱi

2ρi

)2

+ ω
p1,iᾱi

ρi
− p1,iᾱi

2ρi
− δi

ρi

⎞

⎠
+

. (31)

Then, the sum rate of MIMO relay channel with ZF-DPC strat-
egy can be concluded as finding the optimal receive antenna sub-
set A as

Rdpc = max
A∈S

ndpc∑

i=1

C

(
τ̄A,ip0,i

ϕA,i
+

ᾱiρA,ip1,ip2,i

1 + ᾱip1,i + δA,ip2,i

)
.

(32)
For the DPC strategy, it is well known that the sum rate is up-

per bounded when the users are allowed to cooperative receive,
i.e., if the subset A is the maximal sum rate achievable receiver
subgroup, the upper bound can be expressed as

RUB
dpc≤ndpcC

(
ξ̄A,maxPS

2ndpc

+
ᾱmaxβA,maxPSPR

2n2
dpc + ndpcᾱmaxPS + 2ndpcβA,maxPR

)
.(33)

C. Beamforming

The BD method [16] is used as the transceiver solution for
the linear beamforming method of the MIMO relay networks.
Let S denote the all possible user sets, we select a user subset
B to be served together. The size of S, i.e., the number of user
can be supported simultaneously by the beamforming scheme is
nbf = min{(nt − nr), nr}/m.

Let H0(B) = [HT
0,B,1, · · ·, HT

0,B,nbf
]T and H1 denote the

downlink channels of the BS-receivers links and BS-relay link,
H2(B) = [HT

2,B,1, · · ·, HT
2,B,nbf

]T denotes the relay to re-
ceivers’ links, respectively. Applying the orthogonal project-
ing method and the BD algorithm to the BS downlink channel
Hdl = [HT

1 , H0(B)T ]T , the processing matrix of the BS can
be written as

F =
[
Ṽ

(0)

0,B Ṽ
(0)

1

]
diag

{
V̄ 1, V̄ 0,B,1, · · ·, V̄ 0,B,ndpc

}

×diag
{
P

1/2
1 , P

1/2
0,B,1, · · ·, P 1/2

0,B,ndpc

}
(34)

and the processing matrix of the relay is

W dl
bf = TDG1/2Ū

H
1 (I + P

1/2
1 Σ̄1)−1/2 (35)
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where TD = [Ṽ
(0)

2,1· · ·Ṽ
(0)

2,n]diag{V̄ 2,1, · · ·, V̄ 2,n} is the BD
BF of H2(B). Then, the multiuser MIMO relay channel into
ndpc can be converted into single MIMO user relay channels,
each of them is constituted by m single SISO relay channels,
i.e., m × nbf × {ζB, ᾱ, β̄B}. ᾱ, ζB , and β̄B are the eigenval-
ues of equivalent channels after block diagonalization of Hdl

and H2(B). Weighting the transmit power by waterfilling algo-
rithm, the sum rate of the beamforming strategy can be formu-
lated to find the optimal user subset B as

Rbf=max
B∈S

nbf∑

k=1

m∑

i=1

C

(
ζ0,k,ip0,k,i +

ᾱk,iβ̄k,ip1,k,ip2,k,i

1 + ᾱk,ip1,k,i + β̄2,k,ip2,k,i

)
.

(36)

The sum rate lower bound of the beamforming strategy is
achieved by pouring equal power on the unordered eigenvalues
of the 1st user subset B as

RLB
bf ≤ C

(
ζB,1PS

2
+

ᾱ1β̄B,1PSPR

22 + ᾱ1PS + 2β̄B,1PR

)
(37)

where  = m×nbf = ndpc, ζB,1, and β̄B,1 are the 1st unordered
eigenvalue of an m×m matrix with CN(0, 1) entries, ᾱ1 is the
1st unordered eigenvalue of an nr × nr matrix with CN(0, 1)
elements.

D. Sum Rate Comparison

Define G1 = Rdpc/Rtdma and G2 = Rdpc/Rbf as the ratio
of sum rate achieved by DPC gain over TDMA and BF, respec-
tively. According to the sum rate bounds given in (26), (33), and
(37), we have following results.

1 ≤ G1 ≤ RUB
dpc

RLB
tdma

≤ ndpc

ntdma
=

min{(nt − nr), nr}
m

(38)

1 ≤ G2 ≤ RUB
dpc

RLB
bf

. (39)

The lower bound G1 = G2 = 1 is intuitive from the case that
there is only one user in the network, i.e., Rtdma = Rdpc =
Rbf .

Assuming the entries of channel matrices are independent
and identically distribution (i.i.d.) according to CN(0, 1), which
corresponds to independent Rayleigh fading case, the sum rate is
equal to the expected value of the sum rate in each fading state.
The ergodic sum rate bound of each strategy can be expressed
as

E(RLB
tdma) ≥ m log

(
E(ξtdma)PS

2m

+
PSPRE(αtdma)E(βtdma)

2m2 + mPSE(αtdma) + 2mPRE(βtdma)

)

(40)

E(RUB
dpc ) ≤ ndpc log

(
1 +

PSE(ξdpc)
2ndpc

+
PSPRE(αdpc)E(βdpc)

2n2
dpc + ndpcPSE(αdpc) + 2ndpcPRE(βdpc)

)

(41)

E
(
RLB

bf

) ≥ ndpc log

(
PSE(ξbf )

2ndpc

+
PSPRE(αbf )E(βbf )

2n2
dpc + ndpcPSE(αbf ) + 2ndpcPRE(βbf )

)

(42)

where ξtdma, αtdma, and βtdma are the 1st unordered eigen-
value of m × (nt − nr), nr × (nt − m) and m × nr matrices
with CN(0, 1) elements. ξdpc, αdpc, and βdpc are the largest
eigenvalue of ndpc× (nt−nr), nr × (nt−ndpc), and ndpc×nr

matrices with CN(0, 1) elements. ξbf , αbf , and βbf are the 1st
unordered eigenvalue of ndpc×(nt−nr), nr×(nt−ndpc), and
ndpc×nr matrices with CN(0, 1) elements. The expectation of
the unordered and the largest eigenvalue can be calculated use
the distribution given in [5] and [18].

V. NUMERICAL RESULTS

In this section, the sum rate of the multiuser MIMO relay
channel are evaluated, with different BC strategies and the sum
rate comparison presented in the previous section. In the sim-
ulation, all channel matrices have independent and identically
distributed CN(0, 1) entries, the number of users in the system
is set as K = 50. The optimal user subset is selected by using
the capacity-based greedy searching algorithm from the all pos-
sible user sets. The format {nt × nr × m} is used to illustrate
antenna configurations of the terminals. Fig. 3 shows the achiev-
able sum rate of different broadcast strategies derived in Sec-
tion IV, as the function of SNRBS−user, SNRBS−Relay , and
SNRrelay−users. We set SNRBS−users = SNRrelay−users =
10 dB in the simulation. As expected, the ZF-DPC shows perfor-
mance gain over TDMA and BF. From the slope, the BF shows
the same increasing rate comparing with the ZF-DPC; and the
TDMA strategy has the “ceil,” which can be explained by the
multiuser diversity gain.

The DPC sum rate gains over the TDMA and BF strategies
with the antenna configurations as {8×4×2} and {16×6×2}
are presented in Figs. 4–7, respectively. In each case, the sum
rate of the TDMA and BF strategies are normalized. The SNR of
the direct link is set to 5 dB, which is a reasonable case when the
direct link between the BS and users are heavy shadowing. The
“mesh” grid is used to show the sum rate bounds comparison
given in (40)–(42).

The TDMA results show that the sum rate gain upper bounds
by min{(nt − nr), nr}/m for each scenario, especially in the
low SNR region, i.e., region “B” in Fig. 4. The sum rate gain
shows slightly decrease with SNRBS−Relay increasing, i.e.,
region “A”; and remarkable decrease with SNRrelay−users in-
creasing, i.e., region “C.” We explain this by comparing with
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Fig. 3. Average sum rate for different BC strategies.

Fig. 4. Sum rate gain over TDMA strategy in {8 × 4 × 2} case.

Fig. 5. Sum rate gain over TDMA strategy in {12 × 6 × 2} case.

the MIMO systems. In the region “C,” SNRrelay−users �
SNRBS−Relay , all the information from the BS to relay can
be re-transmitted to users, thus the MIMO relay channel can
be viewed as a single user MIMO channel between the BS and
rely (omit the direct link and the delay of two time slots trans-
mission). Since SNRBS−Relay is low, the number of effective
sub-channel is limited. In the region B, both SNR of each link is
low, the spatial multiplexing gain is dominated for the sum rate

Fig. 6. Sum rate gain over BF strategy in case.

Fig. 7. Sum rate gain over BF strategy in {12 × 6 × 2} case.

Fig. 8. Explanation by comparing with the MIMO system.

gain. As in the region A, SNRBS−Relay � SNRrelay−users,
all the information of the BS can be transmitted to the relay,
and the MIMO relay channel can be viewed as a multiuser
MIMO channel. Thus, the spatial multiplexing gain is domi-
nated for the sum rate comparison, which is slightly increased
with SNRrelay−users as shown in the region “D” (omitted in
Fig. 4, see it in Fig. 6).

As expected, the beamforming results show that the sum rate
gain lower bounds by 1 for each scenario. This can also be ex-
plained by comparing with the MIMO systems. In the region
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“C,” the MIMO relay channel can be viewed as a single MIMO
channel. Thus, the sum rate gain is almost 1. In the region A,
the MIMO relay channel can be viewed as a multiuser MIMO
channel. The sum rate of the BF is limited by the low SNR
of the relay-users links, and the sum rate gain is maximized.
With the SNR increasing of the relay-users links, the sum rate
gain is decreased. This can be explained that the performance of
the BF strategy is comparable with the ZF-DPC strategy in the
high SNR region, i.e., the region “D.” The comparison with the
MIMO systems is shown in Fig. 8.

VI. CONCLUSIONS

In this paper, the sum rate issue of the multiuser MIMO relay
network is considered. The optimal processing structures at the
BS and relay are given, from the sum rate point-of-view. Three
broadcasting strategies, i.e., TDMA, ZF-DPC, and BF are in-
vestigated and compared. Denoting the number of antennas at
the BS, relay and users are nt, nr and m, respectively, we found
that the sum rate gain of the DPC over TDMA is upper bounded
by min{(nt − nr), nr}/m, and it is near 1 forthe BF strategy.
These results can be explaint by comparing the multiuser MIMO
relay channel with the tradition MIMO BC.
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